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Abstract
We study group extensions of Finite Abelian Groups using matrices. We also
prove a Theorem for equivalence of extensions using matrices.
Introduction
Presentation of Abelian Groups
Every Abelian Group (A,+) can be considered as a Z-module under the ring
action:
Z× A −→ A
(n, x) −→ nx = x+ x+ ...+ x(n times)
(−n, x) −→ −(nx) = −(x+ x+ x+ ... + x)(n times)
We call ~xt = (x1, x2, ..., xn), xi ∈ A a generating set of A if every element
in A can be written as a = α1x1 + α2x2 + ... + αnxn for some αi ∈ Z under
the ring action defined above.
A relation in A is an equation of the form
α1x1 + α2x2 + ... + αnxn = 0
If we have have a set of ’m’ relations
α11x1 + α12x2 + ...+ α1nxn = 0
α21x1 + α22x2 + ...+ α2nxn = 0
...
αn1x1 + αn2x2 + ...+ αnnxn = 0
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We can write that down as a matrix equation α~x = 0 or

α11 α12 . . . α1n
α21 α22 . . . α2n
...
...
. . .
...
αn1 αn2 . . . αnm




x1
x2
...
xn

 = 0
A complete set of relations of a group A is one from which every other
relation of the group can be derived by a linear combination. A ’Presentation
of an Abelian Group’ is a generating set along with a complete set of relations.
Finite Abelian Groups and their Sylow Subgroups
Let A be a Finite Abelian Groups of order n where n = pα11 p
α2
2 ...pnαn then
A ∼= Ap1 × Ap2 × ... × Apm where each Api is a Sylow subgroup associated
with that prime. Therefore, we study abelian p-groups.
The Extension Problem for abelian p-groups
Given two p-groups Gλ and Gµ of type λ and type µ respectively, we describe
all groups E containing Gλ such that E/Gλ ∼= Gµ.
i.e. we have a Short Exact Sequence 0 −→ Gλ −→ E −→ Gµ −→ 0
By the structure theorem for finite abelian groups, Gλ has a presentation with
generating set y =< y1, y2, ..., yl > of l elements and relations p
λiyi = 0 ∀ i
from 1 to l and for some integers λ1 ≥ λ2 ≥ ... ≥ λl > 0
Similarly Gµ is generated by m elements < x1, x2, ..., xm > with the rela-
tions pµjxj = 0 ∀ j from 1 to m
Now choose x∼1 , x
∼
2 , x
∼
3 , ..., x
∼
m ∈ E such that φ(x
∼
j ) = xj ∀ j from 1 to m
But from the above relations, we have φ(pµjx∼j ) = p
µjφ(x∼j ) = p
µjxj = 0
⇒ pµjx∼j ∈ ker(φ) = Gλ (Definition of Short Exact Sequence)
Since every element of Gλ can be written as some a.~y we have p
µjx∼j =
aj1y1 + aj2y2 + ...+ ajlyl ∀ j from 1 to m
Combining the two sets of relations, we have in hand altogether l + m
relations. Putting these relations together as a matrix, we would get a pre-
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sentation for E

pλ1
pλ2
. . .
pλl
a11 a12 . . . a1l p
µ1
a21 a22 . . . a2l p
µ2
...
. . .
a21 a22 . . . aml . . . . . . p
µm


m+l×m+l


y1
y2
...
yl
x∼1
x∼2
...
x∼m


= 0
Or as blocks they would be
(
pλ
A pµ
)
m+l×m+l
(
y
x∼
)
= 0
One is now interested in classifying extensions upto isomorphisms
0 → Gλ
ψ1
−→ E1
φ1
−→ Gµ → 0
↓f ↓h ↓g
0 → G′λ
ψ2
−→ E2
φ2
−→ G′µ → 0
If there exist isomorphisms f and g and a homomorphism h such that
the above diagram commutes, then the extension in the first row is said to
be equivalent to the extension in the second row. It then follows that h is
also an isomorphism.
G′λ =< y
′
i >
where i is from 1 to l
G′µ =< x
′
j >
where j is from 1 to m (We have assumed that isomorphic groups have equal
number of generators and relations. In rigor, one should look at isomorphic
groups through Tietze Transformations.)
We can now describe isomorphisms f ,g and h as matrices acting on basis
(vectors).
f(< y1, y2, ..., yl >) =< y
′
1, y
′
2, ..., y
′
l > [F ]
g(< x1, x2, ..., xm >) =< x
′
1, x
′
2, ..., x
′
m > [G]
h(< y1, ..., yl, x
∼
1 , ..., x
∼
m >) =< y
,
1, ...y
,
l, x
∼,
1 , ..., x
∼,
m > [H ]
Here [F ], [G] and [H ] are the matrices of automorphisms. We write [H ] as[
h11 h12
h21 h22
]
where h11 is l × l and h22 is m×m.
Also the matrices are invertible and preserve the structure of the groups, i.e
3
F ∈ GLl(Z) ∩ p
−λGLl(Z)p
λ
G ∈ GLm(Z) ∩ p
−µGLm(Z)p
µ
H ∈ GLl+m(Z) ∩ p
−(λ+µ)GLl+m(Z)p
(λ+µ)
Using the fact that the above diagram commutes, we have
ψ2(f(k)) = h(ψ1(k)) ∀k ∈ Gλ[
I
0
] [
F
]
=
[
h11 h12
h21 h22
] [
I
0
]
⇒
[
F
0
]
=
[
h11
h21
]
⇒ h11 = F and h21 = 0
φ2(h(l)) = g(φ1(l)) ∀l ∈ E1[
F h12
0 h22
] [
0
I
]
=
[
0
I
]
[G]
⇒
[
h12
h22
]
=
[
0
G
]
⇒ [H ] =
[
F 0
0 G
]
Now, looking at the presentations for E1 and E2
E1 :
[
y x∼
] [A1 pλ
pµ 0
]
= 0
E1 :
[
y′ x′∼
] [A2 pλ
pµ 0
]
= 0
Note that the matrices have been transposed for convinience.
Using the isomoprhism condition, i.e. h(0) = 0, we have
[
y x∼
] [F 0
0 G
] [
A1 p
λ
pµ 0
]
= 0E2
[
y x∼
] [FA1 Fpλ
Gpµ 0
]
= 0E2
But given that we have a complete set of relations in E2, these matrices must
be related by a column operation (Note, we had transposed the matrices and
hence instead of row operations, we now must consider column operations).[
A2 p
λ
pµ 0
] [
α β
γ δ
]
=
[
FA1 Fp
λ
Gpµ 0
]
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⇒ pµα = Gpµ or α = p−µGpµ
⇒ A2p
−µGpµ + pλγ = FA1
⇒ F−1A2p
−µGpµ + F−1pλγ = A1
Now, given the conditions on F and G, we re-write the above equation as
F−1A2G
′ + F−1pλγ = A1
But, A1 is taken modulo p
λ ⇒ F ′A2G
′ = A1 where G
′ = p−µGpµ and
F ′ = F−1. Thus we have the following Theorem.
Theorem The extensions associated to two finite abelian groups E1 and E2
are equivalent if and only if there exist matrices F ∈ GLl(Z)∩ p
λGLl(Z)p
−λ
and G ∈ GLm(Z) ∩ p
−µGLm(Z)p
µ such that FA2G = A1 where the (i, j)
entry of each matrix is taken modulo pmin(λi,µj)
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